Treated in this paper is Laplace's equation with the Neumann condition. Uniform convergence estimation of boundary element methods for this problem was done by Iso [1] . The aim of this paper is to improve the estimates given in [1] and to show high-order uniform convergence of the boundary element scheme. §1. Introduction
§1. Introduction
Many numerical experiments have shown effectiveness of the boundary element method (=BEM). Especially for elliptic boundary value problems, we know experimentally that accurate numerical solutions are easily obtained by this method. For the Neumann problem of Laplace's equation, Iso [1] showed the uniform convergence theorems for BEM and gave a new method to construct accurate schemes. In Iso [1] , the final rate of convergence is O(ti), although the truncation errors are of O(h 2 ) . Such loss in estimation comes from the method applied in its proof, and invention of a suitable estimation technique must enable us to clear off this loss. The aim of this paper is to give a new technique through which the rate of convergence becomes O(/f). This technique is deeply connected with some properties of positive matrices, which are discussed in §4. In this paper, the Neumann problem for Laplace's equation is dealt with, and a rather mathematical boundary element scheme is adopted. Slight modification will be neces-sary for this scheme in case of real numerical computation.
Thruoghout , and let its boundary P:=d£ be sufficiently smooth. Furthermore let us assume that the curvature of F is positive. Let n g denote the unit outward normal vector to F at zer.
Here we consider the following Neumann problem: Let us define a collocation operator P h from C°(r) into V h by
Under above preparations, we give a discretization of the integral operator B defined by (2, Hence we must pay a little attention to give a discretization of the function r(z), which is the right-hand side of the boundary integral equation.
Let r^e V h denote a discretization of r(z); These equations correspond to a discretization of the boundary integral equa-tions (2.8) and (2.9), and it is trivial that this system of linear algebraic equations has a unique solution. §4.
Properties of Positive Matrices
Prior to convergence estimation, some properties of positive matrices are given by Theorem 4.1 and by Theorem 4.2. These properties, especially Theorem 4.2, play an essential role to improve the error analysis. Here we state them in more general situations.
Let {A N =(a?j) i u^} be a family of NxN real matrices, and let the following assumptions (i) and (ii) be satisfied: Immediately from this theorem, we have the next estimate. In convergence estimation in the next section, e h and/^ in (4.17) and (4.18) are to mean the discretization errors and the truncation errors respectively. §5. Uniform Convergence Estimation
Let u be the solution of (2.8) and (2.9), and let u h be the solution of (3.18) and (3.19 We have just come to our conclusion. [1] . But we should, here, remark that the scheme adopted is rather mathematical and that the assumption (3.12) and (3.13) are the keys in our arguments. We give, in §3 5 a method to clear up these assumptions., but it requires to solve a system of linear equations (3.14). From practical viewpoints ? such a procedure consumes more computing time, and an easier method to attain the assumptions should be proposed. The assumptions (3.1) and (3.6) seem to be strong, and they can be replaced by weaker conditions. But such replacement yields not essential but rather complicated changes in error estimation. For weaker conditions s details are mentioned in Iso [1 ; §5] .
The properties of positive matrices, stated in Theorem 4.1 S will be of use not only for error analysis but for some applications in the game theories.
